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We investigate the dynamical properties of a skew product transformation Tϕ on [0,1)×G
deﬁned by Tϕ(x, g) = (T x, g · ϕ(x)) where T is the β-transformation for β  2 and ϕ(x) is
a compact group G-valued step function with a ﬁnite number of discontinuities. We give
several suﬃcient conditions for ergodicity and strong mixing of Tϕ . As an application,
we describe a class of step functions which satisfy the Central Limit Theorem for
the β-transformations. As another application, we also consider a class of skew product
transformations Tβ,a,w on [0,1) × [0,1) which maps (x, y) → (βx, y + ax + w) (mod 1)
where a,w ∈ R and give necessary and suﬃcient conditions for ergodicity and strong
mixing.
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1. Introduction
Let (X, B,μ) be a probability space and T a measure preserving transformation on X . A transformation T on X is called
ergodic if the constant function is the only T -invariant function and it is called weakly mixing if the constant function
is the only eigenfunction with respect to T . A measure preserving transformation T is called an exact transformation if⋂∞
n=0 T−nB is the trivial σ -algebra consisting of empty set and whole set modulo measure zero sets. So exact transforma-
tions are as far from being invertible as possible. Recall that if a transformation is exact then that transformation is weakly
mixing [16].
Given a measure preserving transformation T on a probability space X , and a measurable function ϕ : X → T =
{z ∈ C: |z| = 1}, we deﬁne an isometry Uϕ on L2(X) by (Uϕ f )(x) = ϕ(x) f (T x). If T is invertible, then Uϕ is unitary.
When T is an irrational rotation, the properties of Uϕ are investigated in [3,7,9,10]. In [7], it is proved that if ϕ is a step
function with its discontinuities at rational points, then Uϕ has no eigenfunction. Recall that the isometry Uϕ is closely
related to the skew product transformation Tϕ on X × T deﬁned by (x, z) → (T x, z · ϕ(x)). In this paper, we are interested
in the case when T is the β-transformation and investigate the dynamical properties of the skew product transformation
Tϕ on X × G deﬁned by Tϕ(x, g) = (T x, g ·ϕ(x)) where G is a compact group and ϕ is a step function. In [5], to investigate
the mod 2 normality of real numbers, the authors considered the case when β = 2 and ϕ(x) = exp(π i1E (x)) where E is
an interval and 1E is the characteristic function of E , and showed that Tϕ on X × {−1,1} is not ergodic if and only if
E = [1/4,3/4] or E = [1/6,5/6]. Note that the method used in [5] is applicable for the β-transformation when G is only
a ﬁnite subgroup of the circle group T.
Recall that the class of β-transformations is closely related to the β-expansions of real numbers and it is an important
class of transformations in number theory. Compact group extensions of expansive transformations are related to the Central
Limit Theorem and random walks [2,4]. As an application of the dynamical properties of Tϕ , we describe a class of step
functions which satisfy the Central Limit Theorem for the β-transformations. As another application, we also consider a class
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and give necessary and suﬃcient conditions for ergodicity and strong mixing. This is a generalization of theorems in [15].
2. Compact group extensions of β-transformations
In this paper, [x] denotes the integral part and {x} the fractional part of a real number x. For given β > 1, consider the β-
transformation Tβ on [0,1) deﬁned by x → {βx}. Recall that for every β > 1, there is a unique Tβ -invariant absolutely
continuous normalized measure μβ and Tβ is an exact transformation on (X, B,μβ) [1,11,13]. By the Radon–Nikodym
theorem, there is a measurable function dβ(x), essentially unique, such that
μβ(E) =
∫
E
dβ(x)dx,
and it is explicitly described by the formula [11]
dβ(x) = 1
F (β)
∞∑
n,Tnβ (1)>x
1
βn
where F (β) =
1∫
0
( ∞∑
n,Tnβ (1)>x
1
βn
)
dx.
For given β > 1, we have a β-expansion for a nonnegative real number x, i.e.,
x = 0(x) + 1(x)
β
+ 2(x)
β2
+ · · · (2.1)
where 0(x) = [x], 1(x) = [β{x}], 2(x) = [β{β{x}}] and so on. In other words, (1, 2, . . .) in (2.1) is a symbolic representa-
tion of the fractional part of x with respect to the transformation Tβ and the partition P = {[0, 1β ), [ 1β , 2β ), . . . , [ [β]β ,1)} of
[0,1).
We call those β which have recurrent tails, i.e., there exist k,N ∈ N such that n+k(β) = n(β) for all n  N in their
β-expansions, as β-numbers. Those with zero tails, we call as simple β-numbers. It is easy to see that dβ(x) is a step function
with a ﬁnite number of discontinuities if and only if β has a recurrent tail in its β-expansion. Note that dβ(x) satisﬁes the
following inequality
1− 1
β
 dβ(x)
1
1− 1
β
. (2.2)
Let us call a ﬁnite sequence (1, 2, . . . , n) as a canonical sequence if there exists a number 0  x < 1 such that
k(x) = k for all 1  k  n. Note that if β is not an integer, then every sequence (1, 2, . . . , n) formed from the num-
bers 0,1, . . . , [β] is not canonical, but the following lemma holds [13].
Lemma 2.1. For given β > 1, let S(n) be the number of canonical sequences of length n for the given β-expansion. Then we have
βn  S(n) β
n+1
β − 1 . (2.3)
If (1, 2, . . . , n−1) is a canonical sequence of length n − 1, then (1, 2, . . . , n−1,0) is a canonical sequence of length n
and there exists p depending on the given canonical sequence such that (1, 2, . . . , n−1,k) is canonical for k  p, but not
for k > p. Hence S(n) − S(n − 1) is equal to the number of canonical sequences of length n which not only the sequence
(1, 2, . . . , n) but also (1, 2, . . . , n + 1) is canonical. Note that if (1, 2, . . . , n) is canonical then (k, k+1, . . . , n) is
also canonical for 1 k n.
Let G be a compact group with its right Haar measure ν , (X,μ) a probability space and T : X → X an ergodic measure
preserving transformation. Given a function ϕ : X → G , deﬁne a skew product transformation Tϕ : X × G → X × G by
(x, g) → (T x, g ·ϕ(x)). Then Tϕ preserves the product measure μ×ν and we have the following two well-known lemmas [8].
Lemma 2.2. Let ρ : G → U(H) be a unitary representation of group G by unitary operators on a ﬁnite-dimensional Hilbert space H,
different from the zero representation. Then ρ is irreducible if and only if for every nonzero vector h ∈ H, the closed linear subspace
generated by {ρ(g)h: g ∈ G} is H.
Lemma 2.3. Let T be an ergodic transformation on a probability space (X,μ) and ϕ : X → G be a measurable function. Then the
following hold:
(i) The skew product transformation Tϕ : (X×G,μ×ν) → (X×G,μ×ν) is not ergodic if and only if there exists an irreducible uni-
tary representation ρ = 1 satisfying ρ(ϕ(x))h(T x) = h(x) for some nonzero h = (hi)1id, hi ∈ L2(X) where d is the dimension
of ρ .
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satisfying ρ(ϕ(x))h(T x) = λh(x) for some nonzero h = (hi)1id, hi ∈ L2(X) where d is the dimension of ρ .
To investigate the dynamical properties of skew products of the β-transformation, we need the following proposition.
Proposition 2.4. Assume that β  2 and f (x) is a U(H)-valued step function with a ﬁnite number of discontinuities. For the β-
transformation T , if an H-valued function h(x) satisﬁes the functional equation f (x)h(T x) = h(x), then h(x) is also a step function
with a ﬁnite number of discontinuities.
Proof. For a given β , let us denote the β-transformation as T , the T -invariant absolutely continuous measure as μβ and
Lebesgue measure on [0,1) as μ. Since f (x) ∈ U(H) and T is ergodic, we may assume that ‖h(x)‖H = 1 where ‖ · ‖H is the
Hilbert space norm. Let P be a partition of [0,1) into the intervals[
0,
1
β
)
,
[
1
β
,
2
β
)
, . . . ,
[ [β]
β
,1
)
and PN = ∨N−1k=0 T−kP . Let Y be the set of discontinuities of f (x) and m be the cardinality of Y and Y be the -
neighborhood of Y . Then there exists 0 such that for all 0 <  < 0, μ(Y) = 2m . Now choose an integer N such that
1
βN
< 0 and
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
2m
βN+1
· 1
(1− 1
β
)2
<
1
4
if β = 2,
2m
βN+1
· 1
(1− 1
β
)2
<
1
4
(
1− 1
β − 1
)
if β > 2.
(2.4)
If I ∈ PN and I ∩ Y = φ, then I ⊂ Y for  = β−N because the diameter of I does not exceed β−N . Hence the total
Lebesgue measure of I ∈ PN with I ∩ Y = φ is at most 2m · β−N . By the similar argument, the total Lebesgue measure of
I ∈ PN+ j , j  0 such that I ∩ Y = φ is at most 2m · β−(N+ j) .
Fix L > 0 and consider the collection of I ∈ PN+L having the property that T j I ∩ Y = φ for some 0 j  L − 1. Note that
Pn is induced by the set {x: Tnx = 0} ∪ {1}. Hence T j I ⊆ J ∈ PN+L− j for some interval J . Since T is μβ -preserving and
μβ(B) 1
(1− 1
β
)
μ(B) by the inequality (2.2), these intervals have a total μβ -measure at most
(
2m · β−(N+L−1) + 2m · β−(N+L−2) + · · · + 2m · β−(N+1)) · 1
1− 1
β
 2m
βN+1
· 1
(1− 1
β
)2
. (2.5)
Let Q (N, L) be the subcollection of PN+L such that T j I ∩ Y = φ for all 0 j  L − 1. Since (1− 1β )μ(B)μβ(B) for all
measurable set B by (2.2), the inequality (2.5) with (2.4) gives us⎧⎪⎪⎨
⎪⎪⎩
μ
(
Q (N, L)
)
>
1
2
if β = 2,
μ
(
Q (N, L)
)
>
1
2
(
1+ 1
β − 1
)
if β > 2.
(2.6)
For each I ∈ Q (N, L),
f (x) f (T x) · · · f (T L−1x)
is constant, say Λ(I, L) ∈ U(H). Since h(x) = f (x)h(T x), we have
h(x) = f (x) f (T x) · · · f (T L−1x)h(T Lx),
and for almost everywhere x in I ∈ Q (N, L)
h(x) = Λ(I, L)h(T Lx). (2.7)
Let R(n) be the set of atoms of Pn whose length is β−n . Then the cardinality of R(n) is equal to (S(n)− S(n−1)) since it
is the cardinality of canonical sequences of length n which not only the sequence (1, 2, . . . , n) but also (1, 2, . . . , n +1)
is canonical. If β > 2, then
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n
β − 1
by the inequality (2.3) and the Lebesgue measure of R(n) is at least 1− 1
β−1 .
Let Q˜ (N, L) be the set of atoms of PN+L with I ∈ (Q (N, L) ∩ R(N + L)). If β = 2 then Q˜ (N, L) = Q (N, L) because
R(N + L) = PN+L . If β > 2, then μ(R(n)) > 1 − 1β−1 and μ(Q (N, L)) > 12 (1 + 1β−1 ). Hence μ(Q˜ (N, L)) > 12 (1 − 1β−1 ). Thus
for any β  2, the Lebesgue measure of Q˜ (N, L) is positive and for each I ∈ Q˜ (N, L), T L I ∈ PN . Letting T L I = J ∈ PN , the
map T L : I → J is bijective and since μ is Lebesgue measure, by Eq. (2.7), it is easily shown that
1
μ(I)
∫
I
h(x)dμ(x) = Λ(I, L)
(
1
μ( J )
∫
J
h(y)dμ(y)
)
. (2.8)
The set of x which is interior to some I ∈ Q˜ (N, L) for an inﬁnitely number of L must have positive Lebesgue measure.
Fixing such an x, we have that Eq. (2.8) holds. We may assume that x is a Lebesgue point of h. Since PN is ﬁnite, it can be
assumed J is always the same on the right side of Eq. (2.8). By the Lebesgue density theorem [14], we can assume that the
left side of Eq. (2.8) tends to h(x). By the compactness of U(H), we may assume that limL→∞ Λ(I, L) = Λ ∈ U(H). Hence
we have
h(x) = Λ
(
1
μ( J )
∫
J
h(y)dμ(y)
)
. (2.9)
Since ‖h(x)‖H = 1 a.e., we may assume that ‖h(x)‖H = 1 for the ﬁxed x. Since Λ ∈ U(H), by Eq. (2.9) we get∥∥∥∥ 1μ( J )
∫
J
h(y)dμ(y)
∥∥∥∥
H
= 1. (2.10)
‖h(x)‖H = 1 a.e. implies h is constant on J . Since f (x) is a U(H)-valued step function with a ﬁnite number of discontinu-
ities, h(T x) = f ∗(x)h(x) and T N J = X , h(x) is also a step function with a ﬁnite number of discontinuities. 
The following theorem gives us one of applications of Proposition 2.4.
Theorem 2.5. Let T be the β-transformation on X = [0,1) and ϕ : X → G be a step function with a ﬁnite number of discontinu-
ities 1
β
 t1 < · · · < tn < 1. Assume that β  2 and the closed group generated by the range of ϕ(x) is G. Then the skew product
transformation Tϕ on X × G is weakly mixing.
Proof. Let U(H) be a set of unitary operators on a ﬁnite-dimensional Hilbert space H and ρ : G → U(H) be a non-trivial
irreducible representation of G .
We will only prove the ergodicity of Tϕ . For the weak mixing property of Tϕ , the argument is almost same as in the
case of ergodicity. Since ρ = 1 is an irreducible representation of G and the closed group generated by the range of ϕ(x)
is G , it is suﬃcient to prove that if
ρ
(
ϕ(x)
)
h(T x) = h(x) (2.11)
then h(x) is constant by Lemmas 2.2 and 2.3.
Let f (x) = ρ(ϕ(x)). Then f (x) is a step function with a ﬁnite number of discontinuities, and h(x) is also a step function
with a ﬁnite number of discontinuities by Proposition 2.4. Hence there exists 0 < r  1
β
such that h(x) is constant on [0, r).
If we take any x0 ∈ (0, rβ ) then T x0 = {βx0} is also in (0, r) and h(T x0) = h(x0). Since h(x) satisﬁes a coboundary equation
f (x)h(T x) = h(x), (2.12)
we have
f (x0)h(x0) = f (x0)h(T x0) = h(x0), (2.13)
i.e., h(x0) is invariant with respect to f (x0). Since f (x) = f (x0) for all 0 < x < 1β and h(x) = h(x0) for all 0 < x < r, by
Eq. (2.12) we have
h(T x) = f ∗(x)h(x) = f ∗(x0)h(x0) = h(x0) (2.14)
for all 0 x < r. Hence h(x) = h(x0) for all x ∈ [0, βr). Since T [0, 1β ) = [0,1) and f (x) is constant on [0, 1β ), by exactly the
same argument, using βr in place of r, we have h(x) = h(x0) for all 0 < x < min{1, β2r}. Iterating this argument if we need
it, we get h(x) is constant and the conclusion follows. 
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is also exact by Coelho and Parry’s Theorem which says that if T is an exact transformation and a compact group extension
Tϕ is weakly mixing then Tϕ is also exact [6]. The following example shows that the ﬁnite number of discontinuities
condition is not removable in the previous theorem.
Example 2.7. For given β > 1, take 1
β
< r < 1. Let I = (r,1], F =⋃∞k=0 1βk I , E = F  T−1F and ϕ(x) = exp(π i1E (x)). Since
the coboundary equation ϕ(x)h(T x) = h(x) has a solution h(x) = exp(π i1F (x)), the skew product transformation Tϕ on
[0,1) × {−1,1} is not ergodic even if the discontinuities of ϕ(x) are contained in [ 1
β
,1).
3. Circle group extensions and Central Limit Theorem
In the following, let T = {z ∈ C: |z| = 1}, the unit circle in the complex plane. In this section, we investigate the dynam-
ical properties of a class of skew product transformations Tϕ when ϕ(x) is a T-valued step function. We also describe a
class of functions which satisfy the Central Limit Theorem. We say that z0 ∈ T is irrational if z0 = exp(2π iθ0) with θ0 being
irrational.
Theorem 3.1. Let T be the β-transformation for given β  2 and ϕ(x) be a T-valued step function on X = [0,1) with a ﬁnite number
of discontinuities. If there exists r > 0 such that ϕ(x) is irrational for all x ∈ [0, r), then the skew product transformation Tϕ on X × T
is ergodic.
Proof. Recall that if T is an ergodic transformation and G is compact abelian group, then the skew product transformation
Tϕ on X × G is ergodic if and only if for any character χ ∈ Gˆ,χ = 1, there is no measurable function h(x) of modulus 1
such that
χ
(
ϕ(x)
)= h(x)h(T x)−1. (3.1)
Note that the character group of the circle group is isomorphic to Z. Hence it is enough to show that for each nonzero
n ∈ Z, there is no measurable function h(x) such that [8,12]
ϕn(x)h(T x) = h(x). (3.2)
For a ﬁxed n = 0, letting f (x) = ϕn(x), Eq. (3.2) is changed into
f (x)h(T x) = h(x) (3.3)
and f (x) satisﬁes the conditions of Proposition 2.4 and f (x) = 1 on (0, r). Thus h(x) is also a step function with a ﬁnite
number of discontinuities and there exists r˜  r such that h(x) is also constant on (0, r˜). Note that if x ∈ (0, r˜/β), then both
x and T x are in (0, r˜). Hence we have
h(x)h(T x)−1 = 1 (3.4)
for all x ∈ (0, r˜/β). It is a contradiction to the assumptions that f (x) = h(x)h(T x)−1 and f (x) = 1 on x ∈ (0, r˜/β). It completes
the proof. 
Theorem 3.2. Let T be the β-transformation for given β  2 and ϕ(x) be a T-valued nonconstant step function with a ﬁnite number
of discontinuities. Assume that the closed group generated by the range of ϕ(x) is T. Then the skew product transformation Tϕ on
[0,1) × T is weakly mixing, if one of the following conditions holds:
(i) There exists 0 k [β] − 1 such that ϕ(x) is constant on [ k
β
, k+1
β
).
(ii) The number of discontinuities of ϕ(x) is less than [β] − 1.
Proof. Recall that if T is a weakly mixing transformation on a probability space X , then the skew product transformation
Tϕ on X ×T is weakly mixing if and only if for each nonzero n ∈ Z and λ ∈ C with |λ| = 1, there is no measurable function
h(x) of modulus one such that
ϕn(x) = λh(x)h(T x)−1. (3.5)
Case (i). Let f (x) = λ∗ϕn(x), then f (x) is a step function which satisﬁes the conditions of Proposition 2.4. Hence h(x) is
also a step function with a ﬁnite number of discontinuities. Since 0 k [β] − 1, there exist x1 < x2 and x˜1 < x˜2 such that
[x˜1, x˜2) ⊂ [x1, x2) ⊂ [ kβ , k+1β ), T ([x˜1, x˜2)) ⊂ [x1, x2), and h(x) is constant on [x1, x2). If we take any x0 ∈ [x˜1, x˜2), then both
x0 and T x0 are in [x1, x2) and h(T x0) = h(x0). Since f (x0)h(T x0) = h(x0), we have f (x0) = 1. Thus f (x) = 1 on [ kβ , k+1β ).
Therefore h(T x) = h(x) for all x ∈ [x1, x2) and h(x) = h(x0) for all x ∈ T ([x1, x2)). If T ([x1, x2)) = [0,1), then it completes
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an x˜0 ∈ [x1, x2) such that T (x˜0) = x˜0. Let [y1, y2) = T ([x1, x2)) ∩ [ kβ , k+1β ). Then we have [x1, x2)  [y1, y2). By exactly the
same argument, by using y1, y2 in place of x1, x2, we have that h(x) is constant on T ([y1, y2)). Iterating this argument if
we need it, we get h(x) is constant and the conclusion follows.
Case (ii). As in the proof of the case (i), if h(x) satisﬁes Eq. (3.5), then h(x) is also a step function with a ﬁnite number of
discontinuities and h(x) can be expressed as
h(x) = exp
(
2π i
m−1∑
k=1
bk1[ak,ak+1](x)
)
(3.6)
where 0 = a1 < a2 < · · · < am = 1.
Since h(x) has m − 2 discontinuities in Eq. (3.6), h(T x) has at least [β](m − 2) discontinuities and h(x)h(T x) has at least
([β] − 1)(m − 2) discontinuities. Let n be the cardinality of discontinuities of ϕ(x). Then we have
0m − 2 n[β] − 1 . (3.7)
Hence if n < [β] − 1, then both h(x) and f (x) have to be constant. It is a contradiction to the assumptions of ϕ(x). Hence it
completes the proof. 
Let T be a piecewise expanding map on the unit interval X = [0,1) and g(x) ≡ 1|T ′(x)| be a function of bounded variation,
where T ′(x) is the appropriate one-sided derivative at the discontinuities. Then it is well known that there exists an abso-
lutely continuous invariant measure with respect to the Lebesgue measure. Furthermore if T is weakly mixing with respect
to the T -invariant absolutely continuous measure, f (x) is a bounded variation function and the functional equation
f = C + g ◦ T − g
does not have any solution g(x) for any C ∈ R, then we can apply the Central Limit Theorem to the function f (x) [2].
Recall that a function ψ(x) is called a multiplicative coboundary if the functional equation ψ(x)h(T x) = h(x), |h(x)| = 1 has a
solution h(x). If the functional equation f = C + g ◦ T − g has a solution g(x), then we have
exp
(
2π i f (x)
)= exp(2π iC)exp(2π ig ◦ T (x))exp(2π ig(x))
and ψ(x) = exp(2π iC)exp(2π i f (x)) is a multiplicative coboundary with cobounding function h(x) = exp(2π ig(x)). Hence
we have the following theorem.
Theorem 3.3. Let β  2. For the β-transformation, we can apply the Central Limit Theorem to a real-valued step function f (x) with a
ﬁnite number of discontinuities, if ϕ(x) = exp(2π i f (x)) is not constant and satisﬁes the conditions in Theorem 3.2.
Remark 3.4. In Theorem 3.3, we don’t need the assumption that the closed group generated by ϕ(x) is T. In Theorem 3.2,
if the closed group G generated by the range of ϕ(x) is not T, then Tϕ is weakly mixing on X × G . We can easily generalize
Theorem 3.2 to an arbitrary compact group G-valued step function ϕ(x) by similar arguments of the proof.
4. A class of skew products of β-transformations
Motivated by theorems in [15], in this section, we investigate the dynamical properties of a special class of skew products
of the β-transformation.
Deﬁnition 4.1. For given a,ω ∈ R and β > 1, let Tβ,a,ω be the skew-product transformation on the torus, [0,1) × [0,1)
deﬁned by
(x, y) → (βx, y + ax+ ω) (mod 1).
In [15], to investigate modulated diffusion systems, S. Siboni considered the cases when β = 2 and he gave necessary
and suﬃcient conditions for ergodicity and strong mixing of T2,a,ω . In this section, we give a generalization of theorems
in [15]. Let (Ek) be the intervals of the form
Ek =
⎧⎨
⎩
[ k
β
, k+1
β
) for 0 k [β] − 1,
[ [β]
β
,1) for k = [β].
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S(x, y) =
(
βx, y +
[β]∑
k=0
ka
β − 11Ek (x)
)
(mod 1).
Then Tβ,a,0 and S are isomorphic.
Proof. Let Φ(x, y) = (x, y + ax
β−1 ) (mod 1). Then Φ(x, y) is a measure theoretical isomorphism on [0,1) × [0,1) with
Φ−1(x, y) = (x, y − ax
β−1 ) (mod 1). Let us denote x ∈ [0,1) by β-expansion, i.e., x = x1β + x2β2 + · · · . Then we have
Φ−1Tβ,a,0Φ(x, y) = Φ−1
(
βx, y + ax+ ax
β − 1
)
=
(
βx, y + ax+ ax
β − 1 −
a(βx− k)
β − 1
)
if x1 = k
=
(
βx, y + ka
β − 1
)
if x1 = k
= S(x, y).
Thus Tβ,a,0 and S are isomorphic. 
Hence to investigate the spectral type of Tβ,a,0, we only need to study the spectral type of S .
Theorem 4.3. For given β  2, the skew product transformation Tβ,a,ω is exact if and only if {a, β − 1} is rationally independent. And
if {a, β − 1} is rationally dependent, then Tβ,a,ω is ergodic if and only if ω is irrational.
Proof. In this proof, let us denote the 2-torus as X × T and Tβ as T for notational simplicity. Recall that L2(X × T) =⊕∞
n=−∞ f (x) · zn. For exactness, we only need to prove the weakly mixing property of the dynamical system by Coelho and
Parry’s Theorem [6], because the β-transformation T is exact.
Let us denote x ∈ [0,1) by β-expansion, i.e., x = x1
β
+ x2
β2
+ · · · . Let η(x) = exp(2π i(ax + ω)), ψ(x) = exp(2π iax) and
ϕ(x) = exp(2π ia( x1
β−1 )). Then
UTη
(
f (x) · zn)= exp(2π inax) · exp(2π inω) · f (T x) · zn, (4.1)
where UTη is the Koopman operator on L
2(X × T) induced by Tη . Fixing n in Eq. (4.1), consider an operator deﬁned by
U
(
f (x)
)= exp(2π inax) · exp(2π inω) · f (T x). (4.2)
If n = 0, then U ( f (x)) = f (T x). Thus if f (T x) = λ f (x) then f (x) is constant and λ = 1 by the mixing property of T . Hence
it remains to consider the case n = 0. Assume that U ( f (x)) = λ f (x). Then
exp(2π inax)exp(2π inω) f (T x) = λ f (x) (4.3)
and |λ| = 1 and without loss of generality we may assume that | f (x)| = 1 almost everywhere. So exp(2π inax) =
λ′ f (T x) f (x), where λ′ = λexp(−2π inω). Since UTψ is spectrally equivalent to UTϕ by Lemma 4.2, if Eq. (4.3) has a so-
lution then UTϕ also has an eigenfunction g(x) with eigenvalue λ
′ , i.e.,
λ′ exp
(
2π in
[β]∑
k=0
ka
β − 11Ek (x)
)
= g(T x)g(x). (4.4)
If {a, β − 1} is rationally independent, then λ′ exp(2π in∑[β]k=0 kaβ−11Ek (x)) is not constant for any nonzero n ∈ Z. By exactly
the same argument as in the proof of Theorem 2.5, there exists no function g(x) satisfying Eq. (4.4), i.e., there exists no
eigenfunction for UTϕ . If {a, β − 1} is rationally dependent then there exists n such that
exp
(
2π in
[β]∑
k=0
ka
β − 11Ek (x)
)
= 1. (4.5)
So the problem is reduced to ﬁnding g(x) such that g(T x) = λ′g(x). By the mixing property of T we know that g(x) is con-
stant and λ′ = λexp(−2π inω) = 1 for each n = 0. So UTϕ has eigenfunction g(x, z) = zn with eigenvalue λ = exp(2π inω).
Y.-H. Ahn / J. Math. Anal. Appl. 376 (2011) 154–161 161Hence Tβ,a,ω is not weakly mixing. For the ergodicity, we only need to consider the case λ = 1, i.e., exp(2π inω) = 1. Hence
if {a, β − 1} is rationally dependent, then Tβ,a,ω is ergodic if and only if ω is irrational. 
If β is an integer, then Theorem 4.3 can be restated as follows.
Corollary 4.4. Assume that β  2 is an integer. Then Tβ,a,ω is exact if and only if a is irrational. And if a is rational then Tβ,a,ω is
ergodic if and only if ω is irrational.
Remark 4.5. The key result in this paper is Proposition 2.4 and many other theorems are deduced from it. We hope that it
can be extended to the class of more general maps, for example, expanding maps on the unit interval.
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